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DIVISION FORMULAS ON PROJECTIVE VARIETIES 



MATS ANDERSSON & LISA NILSSON 



Abstract. We introduce a division formula on a possibly singular pro- 
jective subvariety X of complex projective space P , which, e.g., pro- 



vides explicit representations of solutions to various polynomial division 
problems on the affine part of X. In particular we consider a global 
effective version of the Briancon-Skoda-Huneke theorem. 



1. Introduction 
m . 

In this paper we construct a division-interpolation integral formula for 
polynomial ideals on an algebraic subvariety V of C^. Such division for- 
^- ', mulas, for smooth V, have been used by several authors, see, e.g., [TT], |1UJ 

and [9]. There are two main novelties in our approach. Our formula is the 
restriction to V of a formula on the closure X of V in P^; this makes it 
possible to get sharper estimates. In case X = P n we precisely get back the 
formula introduced in [I]. In this paper we also allow non-smooth varieties. 
Our main interest is a global effective Briangon-Skoda-Huneke type poly- 
nomial division result on V that was proved in [8], generalizing theorems of 
Ein-Lazarsfeld, [13], and Hickel, [17] . to non-smooth V. Our integral for- 
mula does not in any substantial way contribute to the proof of the existence 



of the polynomials but provides an integral representation of the them. In 
particular, applied to Nullstellensatz data we get a representation of a solu- 

' . \ tion with a polynomial degree that is not too far from the optimal one, cf., 

2D ■ Remark O below. 



p^ . Let X be the closure of V in P , let Jx denote the associated homoge- 

neous ideal in the graded ring S = C[zq, . . . , zjv], and let S(£) denote the 
module S but where all degrees are shifted by t. Let 

(i.i) -+s M a -y---%s 

5—( < 

be a minimal graded free resolution of S/ Jx] here Sk = S{—d\) ® ■ ■ ■ © 

S(—(f k k ) and the mappings at = (a^) are matrices of homogeneous forms in 

C N+1 with 

dega£ =4-4-1- 

Since Jx has pure dimension it follows from [14^ Corollary 20.14] that M < 
N, see also [H Section 2.7]. Let 

(1.2) Kn = maxdl. 

V ' k<M k 
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Given polynomials F\, . . . , F m on V of degrees at most d, let fj be the 
corresponding d-homogeneous forms on C N+l . That is, if z = (zq, . . . , zn) 
and z' = (zi, ■ ■ ■ , Zjv), then fj(z) = ZqF(z' / zq). As usual we can consider fj 
as sections of the restriction to X of the line bundle 0{d) over P . Let Zf 
be the zero set of /,■ on X. 

We now present our main result in this paper. Assume that p is an integer 
that is larger than or equal to 

dmm(m,n + 1) + kq — N, 

and let <ft be a section of 0{p) over X. We construct a division-interpolation 
formula 

(1.3) <f>(z) = f(z) ■ f A((, z)cP(C) + f B((, z)ARf(C)HC), 

Jx Jx 

where, for fixed z, the first integral exists as a principal value at X s i ng U Zf, 
£>(•, z) is a smooth form, and R$ is a residue current on X with support on 
Zf, so that the second "integral" is the action of W on ±B<j). Moreover, 
both A and B are holomorphic in z. For the precise formula, see Theorem l4.2l 
below. Assume that $ is a polynomial of degree at most p and let <p be its 
p-homogenization. If the current Rf<ft vanishes, i.e., <fi annihilates Rf , it 
follows that 

(1.4) Qj(z')= I MCz'MC) 

Jx 
are polynomials such that deg FjQj < p and F\Qi + • • • + F m Q m = $ on V. 

Let us now describe our main application of this formula. Let Jf be the 
coherent analytic ideal sheaf over X generated by fj. Furthermore, let c^ 
be the maximal codimension of the so-called distinguished varieties of the 
sheaf Jf, in the sense of Fulton-MacPherson, that are contained in 

Xoo := X \ V, 

see, e.g., [8] Section 5]. If there are no distinguished varieties contained in 
Xqo, then we interpret Cqo as — oo. We always have 

(1.5) Coo < p := min(m,n). 

Let [FI^IF^ + .-. + IFmI 2 . 

Theorem 1.1. Assume that V is a reduced n- dimensional algebraic subva- 
riety of C N . 

(i) There exists a number po such that if F\,. . . , F m are polynomials of 
degree < d and & is a polynomial such that 

(1.6) |$| < C|F|^° 



locally on V, then, with the appropriate choice of p, (|1.4p are polynomials 
on V such that 

(1.7) $ = F X Q X + • • • + F m Q m 
on V and 

(1.8) deg(FjQj) < max (deg® + (p+p )d c °° degX, dmm(m,n+l)+K -N). 



(ii) Assume that V is smooth. There is a number // such that if Fi, . . . , F m 
are polynomials of degree < d and <& is a polynomial such that 

(1.9) |$| < C\F\^ 

locally on V , then (|1.4[) gives polynomials Qj such that (|1.7p holds on V and 

(1.10) deg(FjQj)< max (deg$+p,d Co °degX+[/,dmm(m, n+l) + K -N). 

If X is smooth one can take p! = 0. 

Recall that the regularity of X is defined as the regularity of the module 
Jx which in turn is 1 + maxfc<^ (f fc , see [151 Ch. 4]. Notice that 

(1.11) «o-JV<regX-l. 

Theorem 1.1 in [8j states that there are polynomials Qj as in Theorem ll.il 
with the slightly sharper degree bound dmm(m, n+l)+reg X— min(m, n+1) 
rather than dmin(m, n + 1) + Kq — N in the last entry in (|1.8j) and (|1.10|1 I 



A key step in the proof of Theorem ll.il (i) in [8 J is the following result: 
(*) There is a number po, only depending on V , such that the following 
holds: If Fj are polynomials of degree at most d and $ is a polynomial such 
that (jl.6p holds, p > (deg& + (p + po)d Co ° deg X , p > deg§, and <p is the 
p-homogenization o/$ ; then W <\> = 0. 

If we choose 

p = max (deg<I> + ([/, + po)d Cac degX, dm.m(m,n + 1) + kq — N), 

we can represent 4> by formula (|1.3j) . and since furthermore then R<p = in 
view of (*) it follows that the polynomials in (jl.4p satisfy (jl.7p and ()1.8|) . 
Thus we get Theorem 11.11 (i) above. 

In the same way, if the hypotheses in Theorem 11.11 (ii) are fulfilled, it 
follows from [8j that W q> = if <fr is the p-homogenization where p > 
deg<l>(/i + po)d c °°degX + p! . Again we thus get the integral (jl.4p represen- 
tation of polynomials Qj satisfying (|1.7p and ()1.10p . 

Remark 1.2. If we apply Theorem 11.11 to Nullstellensatz data, i.e., Fj with 
no common zero on V and $ = 1, then we get polynomials Qj by (|1.4p such 
that Y2 FjQj = 1 on V and 

deg(FjQj) < m&x((p + p )d Coc degX, dmm(m, n + 1) + kq—N). 

It was proved by Jelonek, [19] . that one can find a solution such that 

deg{F j Q j )<c m di J 'degX, 

where c m = 1 if m < n and c m = 2 otherwise, and this result is essentially 
optimal. In general it is clearly much sharper than what we get; however, if 
Coo < A* an d d is large enough, then our estimate can compete!- 

For a further discussion of Theorem 1 1.1] and a comparison with the results 
in p3] and pi], see [8]. 



If rn > n + 1, then regX — min(m,n + 1) < kq — N; when m < n at least the proof 
in [8] gives an estimate that is not less sharp than kq — N. 

The optimal result for case V = C" was proved by Kollar, [50], for d > 3; see [2T] and 
P] for d = 2. 
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Remark 1.3. One can consider Theorem 11.11 in [8] as an effective global 

version of the Briangon-Skoda-Huneke theorem: 

Given x € V there is a number /j,q such that if F\, . . . , F m , <£ are any holo- 

morphic functions at x, £ > 1, and |$| < C'|i ? | /i+ '' 0+ ^ _1 in a neighborhood 

of x, then $ belongs to the local ideal (Fj) e x at x. 

If x is a smooth point, then one can take fiQ = 0; this is the classical 

Briangon-Skoda theorem, [12]. The general case was proved by Huneke, 

[1.8], by purely algebraic methods. An analytic proof appeared in [5]. 

Remark 1.4. In view of the Briancon-Skoda-Huneke theorem, the hypothesis 
(|1.6p implies that 3> is in the ideal (Fj) at each point, and hence (|1.7p 
holds for some polynomials. However, membership in (Fj) only implies a 
representation (jl.7|) with a degree estimate like deg$ + d^ 2 ™' rather than 
deg$ + cf\ 

2. Integral representation on P^ 

We first recall from [3] how one can generate representation formulas 
for holomorphic sections of a vector bundle F — > P . The construction 
is an adaptation to P^ of the idea introduced in pQ; see also [IB] . Let 
F z denote the pull-back of F to P^ x P^ under the natural projection 

P^ x P^ — > P^y and define F^ analogously. Let 5 V denote contraction with 
the O z (l) <S> Oc,(— l)-valued holomorphic vector field 

N 



r] = 2iri ^2 z < 
o 



_d_ 



over P^ x P^. We thus have the mapping 



C 



C e+hq (O c (k) O z (j)) -)• C e , q (O c (k - 1) ® O z (j + 1)), 



where C^q(0^(k) <8> O z (j)) denotes the sheaf of currents on Pv^ x P^ of 



bidegree (£, q) in ( and (0, 0) in z that take values in 0^(k) <g) O z (j). In this 
paper we only deal with forms and currents with respect to C, and always 
consider z as a parameter. Given a vector bundle L — > P^ x P^, let 

C(L) = 0C iij+ ,(O c (i) ® O z (-j) L). 

3 

If V v = 5 V - 8, where <9 = c\, then V v : C V (L) -)• C U+1 (L). Furthermore, 
V v is a anti-derivation, and V^ = 0. 

A weight with respect to F — > P and a point z € P is a section 5 
of £°(Hom (F(,F Z )) such that V v g = 0, g is smooth for £ close to z, and 
50,0 = If when (" = z, where <?o,o denotes the component of g with bidegree 
(0,0), and Ip is the identity endomorphism on F. The following basic 
formula appeared as Proposition 4.1 in j4]. 

Proposition 2.1. Lei g be a weight with respect to F — )• P w and z, and 
assume that if) is a holomorphic section of F O(-N). We then have the 
representation formula 

(2.1) il>(z) = I g N ,N^- 

JPN 



r. 



Recall that an ^-homogeneous form £ on (an open subset of) C^ +1 \ {0} is 
projective, i.e., the pullback under the natural projection it: C n+1 \ {0} — > 
P of a form on (an open subset of) P , if and only if <5 2 £ = 5 Z £, = 0, where 
5 Z is interior multiplication by 



N q 

^ Zj dz~' 

3 

and 8z is its conjugate. 
Example 2.2. For fixed z, 

is a well-defined smooth form in £°(Hom (C^(— 1), O z (l))), such that 
(2.2) \7 v a = 0, 

and «o,o is equal to Iq(i) a t #• Thus a is a weight with respect to 0(1) and 

z. 

For a given point z € P^, 

l |C| 2 ^-dC-(^-C)C-dC 
2ttz |CI 2 M 2 -|C-^I 2 

is the Of (1) <S> C2;(— l)-valued (1, 0)-form in c(( on 1 \ {z} of minimal norm 
such that r\ ■ b = 5 v b = 1. Let 



B = — - = b + 6Ad& + bA(db) 2 + ■■■ + bA(db) 



N-l. 



V v b 



here bA{db) k ~ l is an O c ( fc )<g>0 z (-fc) -valued (jfe, fc-l)-form that is C?(l/d(C, 2) 2fc_1 ] 
where d(C,z) is the distance between £ and z on P . In particular, B is 
locally integrable at z and can thus be considered as a current on X. Let 
[z] denote the 0((N) <g> O z (—N)- valued (N, iV)-current point evaluation at 
z, i.e., 



/ [z]t = t(z) 



for each smooth (0, 0)-from £ with values in O(-N). Then, see, e.g., [H 
formula (4.1)], 

(2.3) V^S = l-[z] 

in the current sense. 

For further reference we recall from [3] how (|2.ip follows from (|2.3p : Since 
5 is V^-closed, V^gAB) = <?A(1 — [z]), and by identifying components of 
bidegree (N, N) therefore 

-d(gAB) NtN _ 1 = g NtN - g fi[z] = g N ,N - If z [ z \- 

Now (|2.ip follows after multiplication by <fi and an application of Stokes' 
theorem. 
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2.1. Division-interpolation formulas on P . Assume that 

(2.4) -*• # M -^ • • • -^> #2 A Ei A- So -»• 

is a generically exact complex of Hermitian vector bundles over F N and let 
Z be the projective variety where (|2.4|) is not pointwise exact. In [3] and [7J 
were introduced currents 

U = U\ + . . . + Un + U min ( M ,N+l) i i? = i?l + . . . + jRmin(M,JV+l) 

associated to fj2.4[) with the following properties: The current C7 is smooth 
outside Z, U k are (0, k — l)-currents that take values in Horn (Eq, E k ), and 
R k are (0, fc)-currents with support on Z, taking values in Horn (Eo,E k ). 
Moreover, they satisfy the relations 

(2.5) /it/i = I Eo , fk+iU k+1 - 8U k = -R k , k > 1, 

which can be compactly written V/C/ = Ie — R if Vj = / — d = f\ + fo + 
■ ■ ■ fisf — 8. We have the corresponding complex of locally free sheaves 

(2.6) -> O(^m) -^ ■ ■ ■ A 0(£ 2 ) A 0(#i) ^ 0(£o)- 

In this paper we will only consider E k that are direct sums of line bundles 
0(y). Let E 3 k be disjoint trivial line bundles over P with basis elements 
e k) j, and let 

(2.7) E k = {El o(-4)) e • • • (E% o{-d r k *)). 

Then 

u 

are matrices of homogeneous forms; here e* k ■ are the dual basis elements, 
and 

deg/?' = 4-i-4- 

We equip E k with the natural Hermitian metric, i.e., such that 

r k 

l£(*)ll fc = £&(*) l 2 M 24 , 

if £ = (£i, ■■■,&■*)• 

If t/j is a holomorphic section of 0{Eq) that annihilates i?, i.e., the current 
R(j> vanishes, then -0 is in the sheaf J = Im/i, see (TJ Proposition 2.3]. In 
order to represent the membership by an integral formula we will introduce 
a weight g that contains fi(z) as a factor and apply Proposition 12.11 To this 
end we introduced in [1] a generalization of so-called Hefer forms, inspired 
by [3J and [7J, to the case with non-trivial vector bundles. 

Definition 1. We say that H = (Hj,) is a Hefer morphism for the complex 
E m in (|2.4|) if Hi are smooth sections of 

C- k+i (Rom(E C!k ,E Zie )) 

that are holomorphic in z, fl| = for k < £, the term (f^)o,o of bidegree 
(0, 0) is the identity Ig t on the diagonal A, and 

(2-8) V v Hi = Hi_ 1 f k -f e+1 (z)Hi + \ 



where /& stands for fk(()- 

Notice that we do not require H to be holomorphic in £. Assume that H 
is a Hefer morphism for E, and let U and R be the associated currents. We 
can then form the currents HU = ^ • H^Uj (notice the superscript 1 here) 
and HR = ^jH^Rj. To be precise with the signs one has to introduce 
a superbundle structure on E = ©-E&; then for instance / is mapping of 
even order since it maps Ek — > Ek-i (and therefore / anti-commutes with 
odd order forms) whereas, e.g., H is even since Hi is a form of degree 
k — £ (mod 2) that takes values in Horn (Eg, Ek), giving another factor k — £ 
(mod 2). See [3j Section 5] for details. 

Let / be a non-trivial section that vanishes on Z. If Re A >> 0, then 

U X := \h\ 2X U, R x :=l- \h\ 2X + B\h\ 2X AU 

are smooth forms. Moreover there admit current-valued analytic continua- 
tions to Re A > — e, and the values at A = are U and R, respectively, see, 
e.g., [7j. It is readily checked that 

V f U x = I Eo - R x , 

and from the proof of Proposition 4.2 in [3] it follows that 

(2.9) g x :=f 1 (z)HU x + HR x 

is a weight (as long as Re A > > 0) if H is a Hefer morphism for the complex 
E m . From Proposition 12. 1\ applied to g x /\g, and letting A = 0, we get the 
following interpolation-division formula. 

Proposition 2.3 (|3], Proposition 4.2). Assume that H is a Hefer morphism 
for the complex E 9 . If ip is a holomorphic section of F ® Eq® 0(—N) and 
g is a weight with respect to F — >■ P , then we have the representation 

(2.10) rP(z) = f x (z) [ (HUAg) N>Pr <P+ [ (HRAg) NiN rP, zeF N . 

If Rip = we thus have the explicit holomorphic solution 

q(z) = I (HU t\g) N>N i> 

t° fiQ = ifi- Moreover, if ip a priori is only defined in a neighborhood of Z 
and g depends holomorphically on z, then the second integral in (|2,10p is 
well-defined and provides a global holomorphic section tb such that ip — ip 
belongs to the ideal sheaf generated by f\ . This is the reason for the notion 
division-interpolation formula. For a more precise interpolation result, see 
Proposition 13.11 below. 

Remark 2.4. In [7] occur more general currents Ui and R\. taking values 
in Horn (Ei, Ek). With the same proof as below we get the more general 
formula 



1>(z) = fe+i(z) I jHU l Ag) NtN if>+ I jHR t Ag) N , N ij+ 

^(HU e - 1 Ag) N , N M 



F N 
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for holomorphic sections of F ® Eg <g> <D(-N + £); here HR E = £\ #j^ 

and Ft/* = £V H j +lu j- If /<V> = and R e ip = we thus get an explicit 
holomorphic solution to fe+iq = ip. 

2.2. A choice of Hefer morphism. Assume now that E m is a complex 
with Ek of the form (|2.7p and choose k such that « > d\ for all i, /c. We 
can then construct a Hefer morphism for the complex E m © O(k). Notice 
that the currents U and R that are associated to E, are also the associated 
currents to E, © O(k). We thus obtain a division formula for sections ip of 
SoOO^-iV). 

From the complex E, we form a complex E^ of trivial bundles over C n+1 
in the following way: Let E' k := E\ © • • • © i££* and take the mappings 
-Ffc that are formally just the matrices ft of homogeneous forms. Let 5 W - Z 
denote interior multiplication with 

, d 



2iri^2{w j -z j 



o dw l 

in C£f +1 x Cf + 1 . 
Proposition 2.5. There exist (k — £,0)-form-valued mappings 

hi = Y,( h ih^ ® 4, : C£ +1 x CJ+ 1 -► Horn (# fc , £$)), 

such that h k = /or k < £, h\ = 1^' , and 

(2.11) - 0^/4 = hi^Fkiw) - F l+1 {z)h[ + \ 

and the coefficients in the form (hfyij are homogeneous polynomials of degree 
d{-d}-(k-£). 

In [3, Section 4] there is an explicit formula that provides hi such that 
(|2.1ip holdqj. The components of hi of the desired degrees then must satisfy 
(|2.1ip as well. One can also check that the forms given by the formula 
actually have the desired degrees. Notice that 



^' = d 0-^^Cj, j = l,...,N, 



<_d(, 

ICI 5 

are projective forms such that 

(2.12) Vr,Jj = 2iri(zj - a(j), 

where a is the form in Example 12.21 

If h(w, z) is a homogeneous form in C^ +1 x C^ +1 with differentials dw 
and polynomial coefficients, we let r*h be the projective form obtained by 
replacing w by aQ and dwj by jj. We then have 

(2.13) V ri T*h = T*(6 w . z h), 
in light of (LTT2J) and (1231) . 



The initial minus sign here is because we have 5 W - Z rather than 8 Z - W as in [3] 



Proposition 2.6 ([1], Proposition 4.4). Assume that K > d k for all k and 

j . Then 

(2.14) (H* ){ = 5>*/4) 4i Aa K -^ ® e* kJ 

is a Refer morphism for the complex E 9 <g> O(k). 

For degree reasons it is enough that k> d, for k < min(M, N + 1). 

3. Integral representation on X 

Let i: X — >■ P be a projective subvariety of pure dimension n, let p := 
N — n, and let Jx C be the radical sheaf. From the free resolution 
(jl.ip of S/ Jx (of minimal length M < iV) we can form the locally free sheaf 
complex 0(E.) as in (j2.6[l . defined by 

(3.i) E k = (El ® o(-4)) e • • • e (^ ® o(-4 fc )), 

where E 1 ^. are disjoint trivial line bundles, and the mappings Oj are formally 
the same mappings as in (jl.ip . It turns out, see, e.g., [7], that (|3.ip is 
actually a (locally free) resolution of the sheaf O p j Jx- Let -R and U be 
the associated currents as above and recall that R = R p + R p +± + • • • . 

In view of 

Notice that 

Q := 5 c (dC A ■ ■ ■ AdCx+i) = ^(-l) J Cj<oA . . . AdCjA . . . Ad( N 

is a non- vanishing section of the trivial bundle over P^ realized as an (N, 0)- 
form with values in 0(N + 1). It follows from [61 Section 3] that there is 
a unique current uj = ujq + • • • + uj n , where uj k has bidegree (n, k) and take 
values in E k <g> 0(N + 1), such that 

(3.2) i^uj = f2AR, i*<jJi = f2AR p+ £. 

The form u, in [6j it is called a structure form for X, is smooth on X reg and 
if £ is a smooth form then 

exists as a principal value at X s i ng ; actually uj is almost semi-meromorphic 
in the sense introduced in [6]. 

For any smooth form £ on P^ there is a unique form $(£) such that 

(3.3) 0(£)Afl = ^jv,*. 
From ()3.2p we have that 

(3.4) Cat,*A-R = tf(£)Af2AR = u (i?K)Aw) . 

From Proposition 12.61 we have a Hefer morphism R~J? for the complex 
E.®0(ko). 

Proposition 3.1. Let £ be any integer and assume that g is a smooth weight 
on ¥ N with respect to 0(£ — kq + N) and z € X . For holomorphic sections 
(f> of 0(£) over X we have the representation 

<j>{z) = f #(gAHg)Auct>. 
Jx 
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Proof. In view of fl2Jj]) and (f2T4"l) . 

g x = ai (z)H^U x + H^R X 

is a smooth weight in P with respect to O(kq) and z if Re A >> 0. Since 
a\{z) = 0, 

5 A = H^R X . 

Let $o be a smooth global section of O(l) that is equal to (ft on X and 
holomorphic in a neighborhood (in P ) of z. Since B is smooth outside z, 
V V B = 1 there and 0$o = in a neighborhood (in P ) of z, 

$ : = $ - 8® AB 

is a smooth V^-closed section of £°(0f (£)<g>O z (0)) on P . Let 5 be a smooth 
weight with respect to Oii — kq + iV) in P^. Then 

V v (g X AgA$AB) = g x Ag A$(l - [*]) = 5 A A£A$ - (<7 A A5A$) , A[z]. 

Notice that (5 A A^A$)o,o is equal to cft{z) at the point z. By Stokes' theorem 
we thus find, cf., the discussion preceding Section |2"7L] that 







<ft(z) = \ 


g x Ag/\$. 








Taking A 


= 0, we get 












(3.5) 


cft(z) = 


[ H* R/\~gA<5> 

J-pN 


= f 0($A.ff£)Aw& 






cf., dUD, 


since the i*$ 


= <ft. 








D 


Example 


3.2. If^> k - 


-N, then we can 


take g = a e ~ 


-ko+N j n p, 


ropositionl3.11 



Since this weight is holomorphic for all z € P , the integral then provides 
a holomorphic extension to P^ of (ft. Thus we get an "explicit" proof of the 
surjectivity of the natural restriction mapping 

T(F N ,0{e)) ->T(X,0(£)) 

for £ > k - N. 

4. Division formulas on X 

Let /1, . . . , f m be our sections of 0(d) on X from Section Q|]] and let Jf 
be the associated ideal sheaf on X. If X is smooth we can find a resolu- 
tion of O J Jf over X and obtain a residue current whose annihilator is 
precisely J* . We can then form a division- interpolation formula like (|1.3|) . 
if p is big enough, such that the remainder term vanishes as soon as (ft is 
in Jf. However, our main objective is to find an explicit representation of 
the solutions in Theorem 11.11 an d to this end we use the Koszul complex 
generated by the fj. In this way we get a residue current that is explicitly 
defined and, moreover, perfectly adapted to the theorem. For the case with 
different degrees of fj , see [3] . 

Let E' be a trivial rank m bundle with basis elements ei,...,e m , let 
E := E' 18) O(-d), and let e* be the dual basis elements for (E')* so that 



In the intermediate sections fj stand for mappings in a complex in Sections l2.ll andl 2.2l 
we hope this will not cause any confusion. 



11 



/ := /ie| H h / m e|; is a section of E* = 0(d) ® (£")*• We then have the 

Koszul complex 



(4.1) 0^O(-md)®A m E' % ■■■ 

■■■% 0{-2d) ® A 2 £' ^4 O(-d) ® £' -4 C -> 0, 

where 5/ denoteaj contraction with /. If we let E^ := O(-dk) <S> A E' we 
thus have a complex like (|2.4p and the associated currents U = XJ* and 
R = W . Let us describe them in more detail. In P \ Zf we define the 
section 



'=£ 



/i(^) e i 



of 0[d) ®E. li f-e = J2 fjtj and df ■ e = £ d/jAe,-, then 

,5 xfe-i f ■ eA(df ■ e)*" 1 
°^ d °) = ~ ^p 

It turns out, cf., Section I2TT1 and, e.g., [4J, 

TT f,x. i.|2A ^ f ■ ef\{df ■ e) k ~ l 

u - =mE *h — ^ — 



and 

f-eA(df-e) 



R*:=l-\f\%+B\f\%A y £- 



fc-i 



l/| 2fc 
fe=l ^ ' 

From Section 12.21 we know that there is a Hefer morphism H , for the com- 
plex (|4.1|) with k' := dmin(m, iV + 1), and as noticed in Section [2.11 

is then a smooth global weight with respect to O(k') on P when Re A >> 0. 
For an explicit choice of Hefer form, see the end of this section. 

If now is a section of O(p) over X and g is a weight on P with respect 
to 0{p — k' — kq + N) it follows from Proposition 13.11 that 

Jx 
Let 



(4.2) cf>(z) = / ^fAgAH^A^. 

Jx 



K := dmm(m,n + 1). 
Since terms of g^,) °f bidegree (k,k), k > n, vanish on X, one sees that 

f X e 1 f A f A 

5^./ = a K ~ K Ag K ' on X where <?« is smooth on X. 

Lemma 4.1. If g is a weight with respect to 0(p — k — k,q + A r ), then we 
have the representation 

(4.3) 4>{z) = I Vig^AgAH^A^, z € X. 

Jx 

These mappings 5f are instances of the mappings denoted by fj in Sections 12.11 and 
[231 
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Proof. Fix z£l, Let %(i) be a cutoff function that is 1 when t > 3/4 and 
when t < 1/4, let 

X8:=x(K-z\ 2 /\z\ 2 \C\ 2 S), 
and 

g s := x<5 - dX8/\B. 
Since g vanishes in a neighborhood of the hyperplane £ • z = 0, 

cT r A0* 

is a smooth weight with respect to C(— r) and z. Thus we can choose 
g = x oi~ r Ag in (|4.2p . where r = k' — k and get 

(4.4) <j>{z) = I #(gl> x Ag 5 AgAH* )Au;<l>. 

Jx 

From [6, Proposition 3.3] we know that ui is almost semi-meromorphic and 
in particular therefore has the standard extension property SEP. This means 
that 

(4.5) xsu -> w 

when 5 — > 0. We also know from [6, Proposition 3.3] that V a w = 0. There- 
fore 

(4.6) - Bxs^oj = Va(xsAu) -»■ V a u = 0. 

In view of (|4.5p and (|4.6|) . keeping in mind that 5^' is smooth, we get (|4.3p 



from (|4.4p when J -> 0. □ 

Notice that •& only acts on factors with holomorphic differentials so that 
Rf ,x (and U^ x ) can be put outside the brackets in (|4.3p . 

From [6J and [8] we know that we can define the (formal) product currents 

U f Au := U f ' X Auj\ x=0 , R f Aui := R f ' X Auj\x =0 . 

on X. The first one is a product of two almost semi-meromorphic currents, 
and it is robust in the sense that any reasonable limit procedure will produce 
the same current, see [6] Section 2]. 

Putting A = in (|4.3p we thus get the following more precise form of 
(11.31) in the introduction. 



Theorem 4.2. Assume that fi, ■ ■ ■ , f m are sections of 0(d). If 

p = dmin(n, m + l) + K -N + £ = K + K -N + l, £>0, 
and 4> G T(X,0(p)) we have the interpolation- division formula 



(4.7) <Kz) = f(z)- / A(£*MC)+ / B((,z)AR(()(t>(0, 

Jx Jx 

where 

A((,z) := #(c/AHlAH®)AU f Au, 

B(C,z):=^(a e AHfAH^ ), 
and 

R := R f Au. 
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From above it is clear that A(£, z) is holomorphic in z € X and that, for 
fixed z, is the product of the principal value current U* Aoj and a smooth 
form. Moreover, B((, z) is smooth and holomorphic in z G X. If R* Auj<p = 
0, then the second term in (|4.7p vanishes and so we get a solution g to 
/ • q = <P- 

Remark 4.3. If X is smooth, then uj is smooth as well. If in addition 
codimZy = 77i, then R* Auxj) = if and only if (\> is in the sheaf Jf, see 
[7]. Moreover, R* = Rm coincides with the classical Coleff-Herrera product 

Jm Jl 

on X, cf., [2] p. 112. Since ui is smooth, thus R* Auj = RmAu. 

We can express Hi somewhat more explicitly. Let hj(w, z) be (1, 0)-forms 
in C n+1 x C n+1 of polynomial degrees d — 1 such that 

5 W - Z hj = fj(w) - fj(z) 

and let hj = r*hj. Let 

h := hiAei H h h m Ae m . 

If (5ft is interior multiplication with /j and 

(S h ) k := (^)VA:!, 

then 

(^)i = a K "*(5 h ) fc _,, 

see [H Section 5]. Recall that (Hl) e m occurs in (|4.7p with £ = 1 in the first 
integral and with £ = in the second one. 

4.1. Explicit representation of the solutions in Theorem 11.11 As- 
sume that all the hypotheses in Theorem 11.11 (i) hold, let fj be the d- 
homogenizations of Fj , let 

p = max(deg + (fj, + no)d Ccc degX, dmin(n, m + 1) + kq — N), 

and let <f> be the p-homogenization of &, cf., Section [TJ It follows from the 
proof of Theorem 11.11 in Section 6] that Rt ' Auxj) = so that the second 
term in (|4.7p vanishes. In view of the discussion succeeding Theorem 11.11 
above, thus the dehomogenization of 

(4.8) 

min(m,n+l) 



fc=i • yA 



a A^Jfe-i ptj^ AH KQ 



Auj(f) 



is a tuple of polynomials Qj such that (jl.7p and (|1.8p hold. There is an 
analogous representation of the solution in Theorem ll.il (ii). 

The integral in (|4.8|) is defined as a principal value at Z* U X s i ng . For 
instance let ft be a tuple (of holomorphic sections of line bundles on X) 
that vanishes on Z* U X s i ng and let x{t) be (a smooth approximand of) the 
characteristic function for the interval [1, oo). If we multiply the integrand 
in (|4.8p by x(\h\ 2 /S) then the integral exists in the ordinary sense, and the 
principal value is obtained by letting S — > 0. One can just as well multiply 
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the integrand by |/i| 2A for Re A >> 0. The principal value is then obtained 
by analytic continuation to A = 0. 

Remark 4.4. If m < n and \ip\ < \fY ain ^ n,n \ then U-^ip is integrable on X reg 
so ()4.8p is a convergent integral locally on X reg . In general, however, Uip 
may be a distribution of higher order than zero, and then the integral in 
(|4.8p must be regarded as a principal value even on X reg . 

5. The case when X is a (reduced) hypersurface 

In this section we illustrate the results in the special case when X is a 
reduced hypersurface in P n+1 . We thus assume that X = {a = 0} where a 
is a section of 0(kq) in P n+1 , i.e., a = a(Co> • • • > Cn+i) is a Ko-homogeneous 
polynomial in C n+2 , and da / on (the pull-back to C n+2 of) X. We first 
discuss the general representation formula in Proposition 13. II in this case. It 
can of course be obtained from this proposition but we find it instructive to 
derive it directly from the general representation formula (Proposition I2.1|) 
on P n+1 . 

Notice that ||a|| := H/|C| K ° is the natural pointwise norm of a considered 
as a section of 0(kq). It is well-known that <9||a|| 2A /a, a priori defined for 
Re A >> 0, admits a current-valued analytic continuation to Re A > — e, 
and that the value at A = is 8(1/ a), i.e., 8 applied to the principal value 
current 1/a. 

Remark 5.1. We have the locally free sheaf resolution 

(5.1) -► O(-K ) A O(0) 

of O p / Jxi an d it is readily checked that the associated residue current R E 
is the current 8(1/ a) times a homomorphism (from O(0) to O(-kq)) that 
has odd order. However since we will derive the representation formula on 
X directly we do not have to bother about these sign problems. Notice that 
the number kq here is consistent with the definition in the general case. 

Let h a (z,w) be a (l,0)-form such that S w - Z h a = a(z) — a(w) on C n+2 x 
<C n+2 , and let us write h a (z,a() for r*h, cf, Section^ If Re A >> 0, then 

g x ■= a* - V v (h a (z,a()\\a\\ 2X /a) 

is a weight in P" +1 with respect to O(kq) and z. If is a holomorphic 
section of 0(£) and g is a weight with respect to 0(£ — kq + n + 1), then we 
have from Proposition 12.11 the representation 

cf>(z) = I g x /\g<f). 

Jpn + l 

Since 

-V v h a (z, a Q = a(z) - a(aQ = a(z) - a K °a((), 
we have that 

g x = (l- ||a|| 2A )a K0 + ^||a|| 2A + h a (z, aC)Ad||a|| 2A /a. 

Notice that 

\l - ||a|| 2A )a K0 A# 



15 

vanishes when A = by the dominated convergence theorem. Let us now 
assume that z £ X so that a(z) = 0. We then have 

(5.2) H z ) = gAh a (z,a()Ad-4>, z e X. 

Jjpn + l a 

Arguing as in the proof of Proposition 13.11 it is enough to assume that <p 
a priori is defined on X. 

We want to write the right hand side in (|5.2p as a principal value integral 
over X. As before, let 

ft := 5 c d(, 
where 

d( := d( A . . . A d( n+1 . 
Recall, cf., (|3.2|) . that the form uj on X is defined by the equalitjo 

(5.3) uuj = 8(1/ a) A Q. 
We shall give an explicit representation of uj. Let 

dja = — , j = 0, . . . , n + 1, \da\ 2 = \d a\ 2 -\ \- \d n+1 a\ 2 , 

let 8a denote interior multiplication by 

n+1 



2;t/ ,„ y^djad^ 



w , n 



J ' 



and define 

(5.4) w' := fofl = ^*c d C- 
Lemma 5.2. For any test form £ we have that 

(5.5) / £Ad-Af2 = I £Au'. 

Jpn+i a Jx 

In view of (|5.3p we thus have that 

•* / 

Proof. Notice that 

Da := aa — kq a 

\c\ 

is the Chern connection on 0(kq) acting on a. One can verify directly that 
Da is a projective form, since by the Ko-homogeneity of o, cfooCo + • • • + 
d n+ iaQ ri+ i = n$a. In any case, 5^(Da) = so we have 

DaAuj' = DaA5 A S^d( = 5 c (DaA5 A d() = S^ADaAdC) = 



da-C 

ZlTl I 1 — Kq - 

In particular, 

DaAuj' = 2mQ 



2m V-^]daJW a]Q - 



•"Since R E has even degree this is consistent with (|3.2[1 . cf. Remark 15. II 
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on X. By the Poincare-Lelong lemma, 

B-ADa = 2iri[X], 
a 

and therefore 

2md-Af2 = B-ADaAu' = 2m[X]Au;' 
a a 

which is the same as (15.511. □ 



If £ has bidegree (n + 1 , n) , then by (|5.4p , 

5aZ = 6 A (m^) = (-l) n 0(OAw'. 

Moreover, 

■&{0Af2Ad- = {-l) n+1 ^{0^d-An. 
a a 

From (|5.2|) and Lemma 15.21 we thus get 

Proposition 5.3. If (f) is a holomorphic section of 0(£) and g is a weight 
with respect to 0(£ — kq + n + 1), then we have the representation 

(5.6) <j>(z) = (-l) n+1 [ D(gAh a (z,a())Aoj'0 = - [ 8 A (h a Ag)<t>. 

Jx Jx 

Given the situation in Section [4.11 the dehomogenization of 

min(m,n+l) 

(5.7) q= g (-1)™ +1 

fe=l 

j a _ Q * [a p - K0+n+1 ~ dk A(6 h ) k ^ I " 6A |^ fc e)fc-1 A^»(z, «C)] Ao;V- 
is thus a tuple of polynomials Qj such that (|1.7p and (|1.8j) hold on X. 
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